We establish formulas that give the intrinsic volumes, or curvature measures, of sublevel sets of functions defined on Riemannian manifolds as integrals of functionals of the function and its derivatives. For instance, in the Euclidean case, if f ∈ C 3 (R n , R) and 0 is a regular value of f , then the intrinsic volume of degree n − k of the sublevel set M 0 := f −1 (]−∞, 0]), if the latter is compact, is given by
article [9] , where they are called curvature measures, after special cases in convex geometry were treated by Hermann Minkowski. Among the vast literature on their subject, we only mention the book [16] , the survey on a related topic [19] , and the articles [11, 12, 22] .
In this article, we study the intrinsic volumes of sublevel sets of functions defined on Riemannian manifolds. These were already studied from the point of view of Morse theory in [10] . Since intrinsic volumes include the volume of the boundary, this study encompasses volumes of level sets, and in particular of zero sets, also called nodal sets. The first closed explicit formulas computing nodal volumes appeared in [3] , which was a motivation for the present article. These formulas can be seen as generalizations of the so-called Kac-Rice formula (see for instance [17] ).
Sublevel sets are also studied in probability theory, where superlevel sets of random fields are called excursion sets; see for instance the books [1, 2] and the articles [3, 15, 21] . The importance of the formulas obtained in this paper for the study of random fields (as studied in [3] ), compared to existing Kac-Rice formulas, stems from the fact that they are in "closed form" as opposed to being limits of integrals depending on a parameter.
Main results
We now describe the contents of this article in more detail. In this introduction, we restrict ourselves to the flat case. In Section 1, we recall the definition and main properties of intrinsic volumes. If N is a flat compact n-dimensional Riemannian manifold with boundary, they take the form
for 0 ≤ k ≤ n, where b k ∈ R and S is the second fundamental form of ∂N in N . In Section 2, we specialize our study to the case where N is a sublevel set. Namely, let M be a flat n-dimensional Riemannian manifold (without boundary), let f ∈ C 3 (M, R), and assume that a ∈ R is a regular value of f and that the sublevel set M a := f −1 (]−∞, a]) is compact. The second fundamental form of ∂M a in M can be expressed in terms of the gradient and the Hessian of f . An important lemma (Lemma 2.2) establishes that the above integrand is then a polynomial in ∇ f and Hess(f ) divided by ∇ f 2(k−1) . We then use the divergence theorem to transform the above integral over ∂M a into an integral over M a . This leads to our main formula which, in the flat case, reads
for 1 ≤ k ≤ n, where the P n,k 's are polynomials given in the text (Theorem 2.9). The main advantage of this formula is that it is an explicit integral over M a (and not ∂M a ) of a continuous functional in f and its derivatives up to order 3.
Since the intrinsic volume of degree n − 1 is half the volume of the boundary, this formula can be used to compute the volume of level sets. If the ambient manifold M is compact, one can use the intrinsic volume of either the sublevel or the superlevel set, yielding for the volume of the zero set Z f of f the formula
where σ f is the sign of f and η f := f 2 + ∇ f 2 . This formula was obtained in the case of the flat torus in [3] . As in [3] , one can do an integration by parts to eliminate σ f and obtain an integral over M where the integrand is a Lipschitz continuous functional of f and its derivatives up to order 2 (Equation (49)). This regularity allows one to apply techniques of the Malliavin calculus to obtain results about the expected value, variance and higher moments of the nodal volumes of certain families of random fields (see [3] ), and more generally of the intrinsic volumes of their excursion sets. In Section 3, after recalling basic facts on natural topologies on C p (M, R), the uniform and the (Whitney) strong C p -topologies, we prove that conditions needed to establish our formulas (regularity of the value and compactness of the sublevel sets) are generic. Then, we prove the continuity of intrinsic volumes of sublevel sets. For instance, if 0 ≤ k ≤ n, then the function
is Lipschitz continuous, where the domain is the set of couples (f, a) where f ∈ C 3 (M, R) is proper and a ∈ R is a regular value of f , and is equipped with the uniform C 3 -topology (Theorem 3.8). In particular, the Euler-Poincaré characteristic of sublevel sets is locally constant.
Conventions and notation
• If P is a proposition, then [P ] := 1 if P else 0.
• We denote by pr i the projection on the i th factor of a direct product.
• The bracket − : R → Z denotes the floor function.
•
• If a ∈ R, then N ≥a := {n ∈ N | n ≥ a} ∪ {∞} and similarly for similar symbols.
• The symbol (resp. ) denotes the symmetric (resp. exterior) product or power of vector spaces.
• Unless otherwise specified, manifolds are Hausdorff, paracompact, real, finite-dimensional, and smooth, that is, of class C ∞ .
• The space of smooth sections of the vector bundle E → M is denoted by Γ(E → M ). For instance, the metric tensor of a Riemannian manifold M is an element of Γ( 2 T * M → M ).
Intrinsic volumes
Let (M, g) be an n-dimensional compact Riemannian manifold with boundary. Its metric will also be denoted by −, − and the associated norm by − . We denote by ∇ lc its LeviCivita connection. Let vol M be the Riemannian density on M and vol ∂M be the induced density on ∂M . The symbol vol will also denote the associated volume of (sub)manifolds.
is the outward unit normal vectorfield on ∂M and (−) T : T M | ∂M → T ∂M denotes the tangential component, and : T ∂M → T * ∂M denotes the musical isomorphism induced by the metric. The symbol tr denotes the trace of a bilinear form.
For the exterior product of symmetric bilinear forms, ∧ : 2 p V × 2 q V → 2 p+q V, also called in differential geometry the Kulkarni-Nomizu product, see for instance [9, §2] .
where
We also set 
One has
The first two equalities immediately follow from a 0 = 1 and from a 1 = 0 and
respectively (indeed, tr( 0 R x ) is the trace of the identity of 0 T * x M R, which is 1, and similarly for tr( 0 S x )). The third equality is the Gauss-Bonnet-Chern theorem (see [5, 6] for the original articles, and [18] for manifolds with boundary), where the right-hand side is the Euler-Poincaré characteristic of M , and in particular is an integer and is zero in the odd-dimensional boundaryless case.
Since
where scal denotes the scalar curvature of M . Note that tr S is (n − 1) times the mean curvature of ∂M in M . If M is flat, that is, R = 0, then Formula (5) simplifies, since only the summand corresponding to m = 0 may be nonzero, giving
Note that tr S is (n − 1) times the mean curvature, and det S "the" Lipschitz-Killing, or Gauss-Kronecker, curvature, of ∂M in M .
Intrinsic volumes of sublevel sets

Sublevel sets and level sets
If f : M → R is a function on a set and a ∈ R, then the a-sublevel set of f is defined by
also written M a if there is no risk of confusion, and the a-level set of f is f −1 (a). Let M be a manifold, let p ∈ N ≥1 , and let f ∈ C p (M, R). The real number a ∈ R is a regular value of f if f (x) = a implies d f (x) = 0 for all x ∈ M . We define the sets
Reg
We also set
with boundary of M . Its manifold boundary, equal to its topological boundary, is the
Proof. By the submersion theorem, f −1 (a) is a C p -hypersurface of M . By considering separately points x ∈ M such that f (x) < a and such that f (x) = a, one checks that M a f is a full-dimensional C p -submanifold with boundary of M , and that ∂M a f = f −1 (a).
Intrinsic volumes of sublevel sets
Let (M, g) be an n-dimensional Riemannian manifold (not necessarily compact, but without boundary). Let f ∈ C 2 (M, R). Its gradient is defined by ∇ f :
Its Laplacian is the trace of its Hessian,
. By Proposition 2.1, the set M a is a full-dimensional C 2 -submanifold with boundary of M and its boundary is the
Therefore, the second fundamental form of ∂M a in M is given by
We briefly explain the idea underlying the rest of this subsection. By Formula (19), the integrals in the sum on m in Formula (5) are equal to
We will convert these integrals on ∂M a into integrals on M a by using the divergence theorem. To do this, we need to find a vectorfield
is integrable on M a . Besides the boundary, the possibly problematic points are the points where ∇ f = 0, first because of the factor ∇ f 2m+1−k , and also because of the restriction to ∇ f ⊥ . Since the two regions of interest are at f = a and at ∇ f = 0, it makes sense to look for a vectorfield of the form
and F vanishes sufficiently fast at 0 for the divergence to be integrable. We now make this idea precise.
2 , there exists a homogeneous polynomial P n,k,m with integer coefficients such that for any ndimensional Euclidean space with orthonormal basis (V, B), any symmetric bilinear forms R ∈ 2 2 V * and H ∈ 2 V * , and any v ∈ V \ {0}, one has
where (r ijkl ) (resp. (h ij ) and (v i )) are the coefficients of R (resp. H and v) in B.
For the sake of definiteness, if B = (e i ) 1≤i≤n is an orthonormal basis of V, we consider the basis (e i ∧ e j ) 1≤i<j≤n of 2 V. The coefficients of R can be written (r ijkl ) 1≤i,j,k,l≤n with i < j and k < l and (i, j) ≤ (k, l) in the lexicographic order.
Proof. Let n, k, m, (V, B), R, H, v be as in the statement. Without loss of generality, we can suppose that (V, B) = (R n , std) with the standard inner product. Set
In particular, a 1 = v 1 and a n = v . We first assume that v 1 > 0. Let P be the following change of basis matrix:
It is an orthogonal matrix and P −1 HP restricted to the rows and columns 2 ≤ i, j ≤ n is the matrix of H| v ⊥ in an orthonormal basis.
Since the β ij 's are polynomials in the v k 's and a k 's, the coefficients (P −1 HP ) ij with 2 ≤ i, j ≤ n are of the form
The change of basis matrix in 2 V associated with P , say Q, has coefficients Q ijkl = P ik P jl − P il P jk . As with P , the matrix Q −1 RQ restricted to the rows and columns 2 ≤ i, j, k, l ≤ n (with i < j and k < l) is the matrix of R| v ⊥ in an orthonormal basis. The coefficients (Q −1 RQ) ijkl with 2 ≤ i, j, k, l ≤ n (with i < j and k < l) are of the form
The coefficients of the exterior product of their exterior powers is again of a similar form, hence so is its trace. More precisely, it is a rational fraction with variables r ijkl , h ij , v i , a i . The denominator is a product of a i 's, where the exponent of a n is at most 2(2m + (k − 1 − 2m)) = 2(k − 1).
This expression was obtained under the assumption that v 1 > 0, but it is intrinsic to (R, S, v) and invariant under orthogonal transformations of V. Therefore, it also holds if v = e n , in which case all the a i 's with i < n vanish. As a consequence, the only a i 's at the denominator are those with i = n, that is, a n = v .
The variable a n does not appear in the numerator (since β ij only involves a j−1 ). For i < n, then a i as a function of the v k 's is not differentiable at e n but is differentiable at e 1 , so by invariance under orthogonal transformation, the variables a i with i < n can only appear in the numerator with even exponents. Therefore, the numerator is a polynomial in the coefficients r ijkl , h ij , v i . Definition 2.3. For all n, k, m ∈ N such that 1 ≤ k ≤ n and 0 ≤ m ≤ k−1 2 , we define P n,k,m to be the (unique) polynomial whose existence is asserted in Lemma 2.2. For other values of the indices, we set P n,k,m := 0. We set P n,k := P n,k,0 .
Remark 2.4. One has dim
. Therefore, P n,k,m has n
variables. By homogeneity considerations, P n,k,m has degree 2(k − 1) in the coefficients of v, degree k − 1 − 2m in the coefficients of H, and degree m in the coefficients of R.
The proof shows how to compute the P n,k,m 's. For instance, one has
for 2 ≤ i, j ≤ n, and the trace of an exterior power can be computed as a sum of minors of given order. We consider a few special cases:
• If k = 1 (hence m = 0), then the left-hand side of (21) is the trace of the identity on 0 v ⊥ R, so P n,1 = 1.
• For the case k = 2 (hence m = 0), note that tr(
The first such polynomial is P 2,2 = v 2 2 h 11 − 2v 1 v 2 h 12 + v 2 1 h 22 . This is simply H(u, u) where u is any of the two unit vectors orthogonal to v.
• For the case (k, m) = (n, 0), one has det H = det(
A double expansion of this determinant yields
In view of the special cases considered above, and under the nondegeneracy condition for the third equation, one has
We now state the version of the divergence theorem that will be useful to us. The
where L denotes the Lie derivative. Many generalizations of the standard divergence theorem have been proved, relaxing hypotheses on the regularity and compactness of the manifold or stratified space and on the regularity of the vectorfield, encompassing the present statement. We include a proof for the convenience of the reader.
Theorem 2.5 (Divergence theorem). Let (M, g) be a compact n-dimensional Riemannian manifold with boundary. Let X ∈ X(M ) be a continuous vectorfield on M which is of class
Proof. If X is of class C 1 on M , then this is the standard divergence theorem. Else, we consider the geodesic flow from the boundary of M along the outward unit normal vectorfield ν. We can now prove a first general result.
under the condition that the divergence appearing in the integral exists and is integrable.
under the same conditions. Proof. Starting with the definition (5), we use the expression of the second fundamental form (19) and Equation (23) to obtain
The asymptotic property of F k,m ensures that the vectorfield whose divergence is considered in the statement is continuous on ∂M a and its value there is
Finally, the hypotheses of the proposition ensure that the divergence theorem applies.
Remark 2.8. Since P n,1 = 1, the theorem for k = 1 holds for (f, a) ∈ Reg 2 c (M, R). Our next step is to find explicit functions F (in particular proving that some exist) making the divergence appearing in the theorem integrable. We consider radial maps of the form
. We set
for ≥ 0. These choices for F yield the following theorem.
For k = 1, 2, this gives
Similarly, when M is flat and Hess(f )| ∇ f ⊥ is nondegenerate, if n ≥ 1, one has
Remark 2.10. There are obviously many natural choices for the functions F and G. For instance, one can take F k,m := F k . With the F k 's given above, the divergence corresponding to the m th summand reads div ∇ f
∇ f . In the case of nodal volumes, other choices are given in the next subsection.
Remark 2.11. Intrinsic volumes can be defined for Riemannian manifolds with corners, and even Whitney stratified spaces of "positive reach" in Riemannian manifolds. Since the divergence theorem admits generalizations to these settings, it is possible to extend the above results to sublevel sets of functions defined on Riemannian manifolds with boundary or corners, and to Whitney stratified spaces in Riemannian manifolds, under the assumption that the function is transverse to the boundary or the strata respectively. Boundary terms will appear in the formulas. We do not carry out this generalization in full and only give a formula for nodal volumes in the next subsection (see Remark 2.13).
Nodal volumes
In this subsection, we show how we can compute the intrinsic volumes of the zero sets, or nodal sets, of functions defined on compact Riemannian manifolds. (34) gives an integral on M . Using the general formula of Theorem 2.6 yields
(where minus the absolute value appears since f is negative on M 0 f and positive on M 0 −f ). Of course, this identity could have been obtained directly by applying the divergence theorem to the identity vol(
Recalling the definition of η f, by Equation (31), we set
We also write σ f : M → {−1, 0, 1} for the sign of f . Setting, in Formula (37),
and tanh x x , one obtains
and
(see [14] for the computation details).
Remark 2.12. In the last three formulas, all terms of the integrands are bounded on M and continuous on M \ Z f . Indeed, the Hessian expressions are quadratic in ∇ f , the arctan and tanh expressions are linear in ∇ f when ∇ f is small, and the cosh expression is exponentially small in |f | when |f | is small. However, not all terms need be continuous on M . This problem is dealt with below.
Remark 2.13. Fulfilling the promise made in Remark 2.11, let M be a compact Riemannian manifold with boundary. If f intersects ∂M transversely, then Formula (37) becomes
Note that by the transversality assumption, Z f ∩ ∂M is negligible in ∂M . This formula reduces in dimension 1 to [3, Prop. 3] .
Remark 2.14. The cases considered in [3] correspond to M = (R/Z) n with the standard flat metric. In particular, Formula (39) is essentially [3, Prop. 5] (in the case of (R/Z) n with the standard flat metric). In dimension 1, the general formula (37) More generally, the intrinsic volumes of subsets have the additivity property
when A, B are subsets of a compact n-dimensional Riemannian manifold M such that all terms are well-defined (see [9, Thm. 5.16(6) 
The terms corresponding to the first summand in (32) cancel out, so that
The exponent k of σ f is congruent modulo 2 to deg Hess(f ) P n,k,m + deg ∇ f P n,k,m + 1 = 3k − 2(1 + m) by Remark 2.4. In particular, L n−k (Z f ) = 0 for k even, as expected. One can also consider Z f as a Riemmannian manifold with curvatureR and obtain
whereR is given by the Gauss formula for the curvature of submanifolds,R(X, Y, Z, T ) =
R(X, Y, Z, T ) + S(X, Z)S(Y, T ) − S(X, T )S(Y, Z) for X, Y, Z, T ∈ X(Z f ).
We return to the question raised in Remark 2.12 of having continuous integrands. The only non-continuous terms in the integrands of Equations (39) . This is dealt with in [3] (in the case of Equation (39) on the flat torus) using an integration by parts. The same method extends to compact Riemannian manifolds as follows. One has
Therefore, 
